A shock wave structure problem, as the one which can be formulated for the planar detonation wave, is analyzed here for a binary mixture of ideal gases undergoing the symmetric reaction A 1 + A 1 A 2 + A 2 . The problem is studied at the hydrodynamic Euler limit of a kinetic model of the reactive Boltzmann equation. The chemical rate law is deduced in this frame with a second-order reaction rate, in a chemical regime such that the gas flow is not far away from the chemical equilibrium. The caloric and the thermal equations of state for the specific internal energy and temperature are employed to close the system of the balance laws. With respect to other approaches known in the kinetic literature for detonation problems with a reversible reaction, this paper is addressed to improve some aspects of the wave solution. Within the mathematical analysis of the detonation model, the equation of the equilibrium Hugoniot curve of the final states is explicitly derived for the first time and used to define the correct location of the equilibrium Chapman-Jouguet point in the Hugoniot diagram. The parametric space is widened to investigate the response of the detonation solution to the activation energy of the chemical reaction. At last, the mathematical formulation of the linear stability problem is given for the wave detonation structure via a normal-mode approach, when bidimensional disturbances perturb the steady solution. The stability equations with their boundary conditions and the radiation condition of the considered modeling are explicitly derived for small transversal deviations of the shock wave location. The paper shows how a second-order chemical kinetics description, derived at the microscopic level, and an analytic deduction of the equilibrium Hugoniot curve, lead to an accurate picture of the steady detonation with reversible reaction, as well as to a proper bidimensional linear stability analysis.
Introduction
Among several shock wave structure problems arising in hyperbolic systems described by balance laws, the one which deals with the detonation in reactive gaseous mixtures is perhaps the most frequently investigated. The interest is addressed both to the evolution dynamics of the detonation wave, and to the attempts of a comprehensive understanding of the rather complex physical phenomenology of combustion processes, see for instance [1, 2] and related bibliography.
The renewed interest in detonation phenomena, even though investigated with simple models, is widely documented in literature, see for instance papers [2, 3, 4] . The motivation of this interest is essentially due to the development of detonation wave engines and explosives modelling, to the safety issues and estimation of explosion, and also to the numerical modelling and combustion simulations. Recent contributions dealing with the wave structure in combustion processes, connected to the kinetic theory of reacting gases, can be found for an irreversible reaction in papers [5, 6, 7] , and for a reversible reaction in papers [8, 9, 10, 11] . In particular, the hydrodynamic stability of the detonation wave is examined in papers [10, 11] . Microscopic simulations of wave fronts and transition from different regimes to detonation are developed for example in papers [12, 13] . Other involved works of reactive flows in the framework of the kinetic theory should also be quoted for what concerns the non equilibrium kinetics behind a strong shock wave, as for example papers [14, 15] .
A combustion-driven shock wave that propagates in a supersonic regime with respect to an unburnt gas mixture, and which is sustained by the energy release of an exothermic chemical reaction, typically represents a detonation wave. The hyperbolic reactive Euler equations, given by the conservation laws for mass, momentum and energy of the mixture, and by the chemical rate equation, constitute the governing equations and provide a simple and mathematically tractable model, which is commonly used as the starting step towards the characterization of the shock wave structure and its hydrodynamic stability. The governing equations of the detonation process admit steady solutions. In the shock attached coordinate system, the Rankine-Hugoniot relations derived from the conservation laws, together with the chemical rate equation, describe the distribution of pressure, velocity and mass density in the reaction zone.
The significant elements which allow one to distinguish and classify the many approaches to the detonation wave problem cover: type of chemical reaction, model of the chemical rate, account of the framework where the analysis is developed, level of the closure procedure, choice of the constitutive equations, and at last consideration of the specific thermodynamical assumptions.
The present study is addressed to investigate both the shock structure problem and bidimensional linear stability for detonation waves arising in a binary reacting gas mixture, when the constituents undergo a symmetric reversible explosive chemical reaction of type A 1 + A 1 A 2 + A 2 . The chemical rate law, specifying the evolution of the progress of the considered reaction, is derived from the kinetic theory extended to reacting gases. The reaction rate results then to be of second order, namely it is proportional to the square of the product concentrations, see Ref. [16] . In particular, the rate law incorporates both the effects of the reactive binary encounters and the effects due to the specific reaction heat and forward activation energy. Moreover, the reactive mixture is considered to be Eulerian (i.e. a mixture where viscosity, heat conductivity and diffusive effects are negligible), and the specific heat ratios of the constituents are assumed to be constant. In this way, the thermal equation of state for the reactive mixture defines the pressure in dependence on the temperature and mass density of the mixture. The caloric equation of state defines the specific internal energy of the mixture as function of the specific heat ratio, specific reaction heat and progress variable of the chemical reaction, i.e. mass concentration of products. The rate law and the equations of state define the constitutive conditions for the reactive Euler equations.
The mathematical model proposed in this paper offers the capability of representing a realistic structure of the steady detonation wave and its instabilities, since it involves several basic parameters, as the detonation wave velocity, the specific reaction heat, the activation energy of the chemical reaction and, more in particular, the ratio of the specific heats. This rather wide spectrum allows to provide a rich description of the detonation dynamics, in the sense that a more complete picture can be obtained varying these parameters. In detail, the ratio of specific heats γ accounts for the multi-component nature of the mixture, the reaction heat Q defines either the exothermic or the endothermic character of the reaction, the activation energy f specifies the threshold of the forward chemical reaction, and the detonation velocity s indicates the overdrive degree of the detonation wave.
The influence of the above mentioned parameters on the instability behaviour also covers an important role in view of an exhaustive stability analysis of the detonation wave solution. Thus a contribution is given with respect to previous approaches available in the kinetic literature of reacting gases, where fewer parameters are usually considered, see for example [10, 11] . Moreover, a contribution can be extended also to the classical studies of detonation where, to the best of our knowledge, a second order reversible reaction does not seem to be considered.
At the same time, the use of a second order chemical rate, deduced at the microscopic level within the kinetic theory of reacting gases presented in the book [17] , can be viewed as a refinement useful to exploit the chemical kinetics underlying the detonation process the stability analysis.
Furthermore, the mathematical modelling which characterizes this work permits to set up an accurate and complete Rankine-Hugoniot analysis, for what concerns the equilibrium properties of the detonation solution. The so called equilibrium Hugoniot curve, locus of all final states of the combustion process with reversible reaction, is here introduced for the first time in the context of the kinetic literature. Such curve is analytically derived in an explicit parametric form and then used to determine the equilibrium Chapman-Jouguet point. The procedure here proposed differs from the classical one, which is based on the Jouguet's rule and the Chapman-Jouguet condition formulated in terms of equilibrium sonic considerations [1, 18, 19, 20] .
The paper is organized in six sections. Section 2 presents an useful preliminar content on the model reactive Euler equations and their properties. Attention is given to the reaction rate deduced from the kinetic theory in a second order form. In Section 3, a detailed RankineHugoniot analysis is developed within the steady detonation wave problem. The equilibrium properties of the detonation solution are investigated and the equilibrium Hugoniot curve is analytically derived. In Section 4, the structure of the detonation wave solution is analytically described on the basis of the Rankine-Hugoniot conditions and reactive Euler equations of the previous sections. The solution procedure is also presented. In Section 5, such procedure is applied in order to numerically solve the steady detonation problem. Two study cases are considered and some numerical studies are performed at the scope of investigating the influence of the chemical kinetic parameters on the detonation structure. At last, Section 6 deals with the bidimensional linear stability analysis of the steady solution. Using a normalmode approach, the boundary value problem for the stability equations is formulated and the radiation condition is constructed in detail. Its final form shows that it is possible to obtain, as a particular case, the radiation condition when a first-order reaction rate of Arrhenius type is adopted.
The unidimensional model for the reactive gas mixture
In the present study a chemically reacting binary mixture of ideal gases is considered, for which the constituents A 1 and A 2 undergo the symmetric reversible reaction A 1 + A 1 A 2 + A 2 . The constituents are characterized by the same molecular masses and diameters, namely m 1 = m 2 = m, a 1 = a 2 = a, as well as by the specific formation (or binding) energies 1 and 2 .
Balance equations
In the thermodynamic theory of mixtures [21] each constituent is assumed to obey a set of balance laws. Such laws express the rates of change for mass, momentum and energy when the proper production terms arising from the mutual constituent interaction are considered.
Here the evolution equations of interest are those for the mixture mass density ρ, the mixture flow velocity u, the mixture pressure p and the progress variable z = ρ 2 /ρ -defined as the mass concentration of the products -of an Eulerian reacting mixture. In the one-dimensional case they can be written as
where e = ε + u 2 /2 is the total specific energy of the mixture and ε = ε(ρ, p, z) is the specific internal energy of the mixture. Moreover, r = r(ρ, p, z) denotes the reaction rate whose explicit form is given below.
Equations of state
By assuming a single temperature T for the reactive mixture with equal specific heat ratios γ for both constituents, the pressure p α , the mass density ρ α and the specific internal energy ε α of each constituent obey the following thermal and caloric equations of state
where k denotes the Boltzmann constant, c α v (T ) is the specific heat at constant volume for each constituent and the index zero refers to a reference state. Under the assumption that all chemical species have constant and equal specific heats c v , the pressure and the specific internal energy of the mixture obey the following thermal and caloric equations of state
where 1 = c v T 0 has been assumed for convenience sake, and ∆ = 1 − 2 . Observe in particular that, due to the microscopic description of the chemical reaction, proper of the adopted chemical kinetics model, the ideal caloric equation of state shows a dependence on both the chemical progress variable and the specific reaction heat.
Reaction rate
The source contribution to the evolution of the progress variable z is due to the chemical reaction and is specified resorting to the kinetic theory for chemically reactive mixtures. Accordingly, starting from a molecular collisional dynamics, the microscopic evolution of the mixture is described in terms of velocity distribution functions as well as elastic and reactive collisional operators. At the same time, the macroscopic properties of the gaseous mixture can be deduced and the corresponding governing equations can be derived in the considered hydrodynamic limit. The production terms are obtained integrating the collisional operators with prescribed elastic and reactive cross sections as well as pertinent distribution functions compatible with the assumed chemical regime (see, for example, book [17] for details).
For the reactive mixture considered in this paper the reaction rate is obtained in a flow regime close to the thermodynamical equilibrium, assuming reactive differential cross sections with activation energy and Maxwellian velocity distribution functions, which do not assure chemical equilibrium, of the form
where n α = ρ α /m is the particle number density and C the peculiar velocity of each constituent. Such Maxwellians do not assure, in general, the chemical equilibrium. Adopting reactive differential cross sections for binary collisions of hard spheres with activation energy, and taking into account the indistinguishability of the colliding particles, the reaction rate results in the form
where f and r are the forward and backward activation energies. The reaction rate is the difference between a second-order forward rate proportional to the square of the A 1 concentration, and a second-order backward rate proportional to the square of the A 2 concentration. The chemical equilibrium condition implies
where Q = f − r = −2m∆ is the reaction heat.
Reactive Euler equations and their hyperbolicity
The governing equations (1) (2) (3) (4) , closed with the constitutive equations (6) and (8) , constitute the reactive Euler equations of the mixture. They can be written in matrix form as
where
In view of the hyperbolicity analysis of the reactive Euler equations, the matrix Eq. (10) is rewritten as
Here, H is the total specific enthalpy defined as
The characteristic velocities of the system (1-4) are the eigenvalues λ i of the Jacobian matrix A(U) defined in Eq. (13). They are given by
is the adiabatic speed of sound. Moreover, it follows straightforward that the eigenvectors of the Jacobian matrix A(U) constitute a complete set and therefore the system of balance equations (1-4) is hyperbolic, as expected when the hydrodynamic equations are closed at the Euler level (see [22] ). In this case, the single-temperature model for such Euler fluid can be regarded as a principal subsystem of a multi-temperature model in the sense of extended thermodynamics (see [23, 24] ).
Steady formulation of the wave structure problem
The hyperbolic system (1-4) of the reactive Euler equations admits propagating wave solutions connecting equilibrium states ahead and behind the shock. A particular case of interest is the steady detonation solution consisting of a plane shock wave (moving along the x-axis with constant velocity s > 0), followed by the reaction zone with finite thickness.
Rankine-Hugoniot analysis
The steady solution is found by means of the coordinate transformation to the steady variable
which places the system of equations (1-4) in the detonation frame reference so that ξ < 0 ahead of the shock and ξ > 0 behind the shock. The mathematical procedure which leads to the steady detonation solution follows the classical approach [1, 18, 19] . By starting from the reactive Euler equations referred to the steady variable ξ and the corresponding algebraic Rankine-Hugoniot (RH) conditions, the solution procedure is detailed in this section with reference to the considered model. The qualitative description of the wave structure problem is also included with the aim of interpreting the key properties of the solution, and adapting them to the considered model.
Rankine-Hugoniot conditions
Wave propagation problems within a chemically reactive mixture are studied by means of the algebraic RH jump conditions together with the reaction rate equation (4) . Such RH conditions are deduced from the conservation equations (1-3), after transforming to the steady variable (15) . A formal integration of the resulting equations between the initial state of the undisturbed mixture
just ahead the shock, and the final state, just behind the shock. leads to the RH conditions
where w = s − u is the waveframe velocity. From the above RH conditions one can easily deduce the following equations which have a meaningful geometric interpretation in the context of the problem of the combustion wave structure.
Rayleigh lines
Considering mass and linear momentum equations (17) and (18), the family of the Rayleigh lines of the proposed model is obtained in the form
where v = 1/ρ is the specific volume of the mixture and s is the dimensionless wave speed given in units of √ p 0 v 0 . Usually, the dimensionless wave speed is given in the literature in units of the Mach number. Here, s is related with the shock Mach number M as s = √ γ M . Each Rayleigh line contains the initial state and all states in the reaction zone between the post-shock state and the final state, reached for the corresponding value of s. Thus, the Rayleigh lines represent conservation of mass and momentum of the mixture in these states.
Hugoniot curves
By using relation (17) and taking into account the caloric equation (6) 2 , one obtains from the energy conservation equation (19) the family of the Hugoniot curves of fixed product concentration z,
where ∆ is given in units of p 0 v 0 . Since the pressure must be positive, one requires that the following condition holds
By introducing µ 2 = (γ − 1)/(γ + 1), equation (21) can be written in the form
which clearly indicates that the Hugoniot curves are hyperbolas in the (v, p)-plane centered at the point (p/p 0 , v/v 0 ) = (−µ 2 , µ 2 ). Note that equations (23) defines a family of Hugoniot curves parametrized by the product concentration z ∈ [0, 1]. Each curve of this family is the locus of all states in the reaction zone with the same value of z and represents conservation of total energy in all states belonging to the curve itself. In particular, the curve corresponding to z = 0 is the unreacted Hugoniot curve of all states for which the chemical reaction has not yet started. The one corresponding to z = 1 is the totally reacted Hugoniot curve of all states for which the reactants of the forward reaction have been transformed into products. This situation is typical of an irreversible chemical reaction, but it is not proper of a reversible chemical reaction. In the latter case, the reaction proceeds until the chemical equilibrium is reached for z = z e < 1, where z e varies with the mixture temperature according to the chemical equilibrium condition.
Equilibrium properties
When the reaction is reversible, the Hugoniot diagram, besides the Hugoniot hyperbolas for a fixed z concentration, and besides the Rayleigh lines for a fixed s velocity, contains the so called equilibrium Hugoniot curve, which is the locus of all equilibrium final states of a detonation wave. Since the final states have different concentrations z eq varying with the mixture temperature, the equilibrium Hugoniot curve does not belong to the family of the Hugoniot hyperbolas for fixed z concentration. This aspect, well exploited in the classical literature [18, 19, 25, 20] , was never recognized before in the kinetic studies of detonation with reversible reaction. In this subsection, the analytic representation of the equilibrium Hugoniot curve is obtained, the physically consistent equilibrium states are precisely determined and the solution domain is also detailed.
Equilibrium Hugoniot curve
Considering the curves represented by equations (20) and (23), their intersection points represent the states in the (v, p)-plane where mass, linear momentum and total energy are conserved. Such states are characterized by means of the following expressions
The above expressions determine all states behind the shock wave in dependence on the product concentration z for assigned wave speed s. The choice of the upper signs identifies a state compatible with a strong detonation wave, while the choice of the lower signs identifies a state compatible with a weak detonation wave (see [1] for details). In particular, expressions (24) and (25) define the final states in the reaction zone for a strong detonation, when z is constrained to the equilibrium condition (9) . Expressing T in terms of p and v by means of the state equation (6) 1 , such condition can be rewritten as
Therefore, expressions (24) and (25), combined with the equilibrium condition (26) , define the equilibrium Hugoniot curve, locus of all equilibrium final states of a strong detonation wave. Such curve represents conservation of mass, linear momentum and total energy of the mixture at the states of chemical equilibrium. In particular, under the conditions of the implicit function theorem, the equilibrium concentration can be defined from condition (26) as a function of the wave speed s, that is z = z e (s). This means that the equations of the equilibrium Hugoniot curve can be obtained from (24), (25) and (26) in the form
where f (s, z e (s)) and g(s, z e (s)) denote the right-hand side of equations (24) and (25) referred to the equilibrium concentration z e ,
Equations (28) and (29), with s as parameter, constitute the parametric equations of the complete equilibrium Hugoniot curve. The choice of the upper signs in expressions (29) determines the strong detonation branch of the equilibrium Hugoniot curve, whereas the choice of the lower signs determines the weak detonation branch.
Equilibrium Chapman-Jouguet state
The Chapman-Jouguet state (CJ) is the equilibrium final state obtained for the minimum acceptable value of the wave speed s for which the corresponding Rayleigh line intersects the equilibrium Hugoniot curve. Such minimum value is the so-called Chapman-Jouguet velocity s j and it can be obtained as that value of s for which the corresponding Rayleigh line is tangent to the equilibrium Hugoniot curve, so that their slopes must be equal at the tangency point. The slope of the equilibrium Hugoniot curve (EHC) can be obtained from the parametric equations (28) as dp
where the partial derivatives of the functions f and g are computed by using expressions (29) with the upper signs, whereas the total derivative dz e /ds is the derivative of the implicit function z e (s) computed from equilibrium condition (26) . In order to compute such derivative, the equilibrium condition (26) is first rewritten in the implicit form φ(s, z e ) = 0 and thus one gets
Therefore, the slope of the equilibrium Hugoniot curve is specified by equations (30) and (31) . On the other hand, the slope of the Rayleigh line (RL) associated to the wave speed s is given by dp
and, consequentely, the common slope at the tangency point is defined by the condition 
together with condition (31). Thus, the Chapman-Jouguet velocity s j is obtained as the real solution of equation (33), while the equilibrium concentration at the CJ state follows as the real solution of equation (26) with s = s j .
Detonation solution domain
The steady detonation wave structure can be represented by the Hugoniot diagram which provides a conventional description in the (v, p)-plane of the qualitative behaviour of the steady solution, see for example Refs. [18, 19, 25, 20] . In the present study of a steady detonation with reversible reaction, the relevant curves to be represented in the Hugoniot diagram are the Rayleigh lines for s ≥ s j , the unreacted Hugoniot curve and the equilibrium Hugoniot curve. As previously discussed in the present sub-section, the equilibrium Hugoniot curve is defined by its parametric equations involving the equilibrium concentration z e constrained to the equilibrium condition (26) . Therefore, all states of the equilibrium Hugoniot curve must satisfy the condition
where z e verifies the condition 1/2 < z e < 1,
since p e > 0, v e > 0, and ∆ > 0 for an exothermic reaction. At the same time, these states also belong to the fixed composition Hugoniot curve (21) for the corresponding concentration z e , and thus
Combining equations (34) and (36), the following quadratic equation is derived
The above equation leads to the unique physically consistent equilibrium state
and
Observe that the compatibility condition (35) on z e induces a limiting condition on the solution domain of the detonation regime. In fact, when z e → 1 2 , equations (34) and (37) 
On the other hand, the solution domain is bounded on the right by the state (v r , p r ) with v r = 1 and p r obtained from equation (39), namely v r = 1 and
In conclusion, the solution domain of the detonation regime is defined by the conditions
where z e is such that v e (z e ) = 1.
Detonation wave solution
In the present analysis only wave solutions with final state in the strong detonation branch are considered. In this case, the speed of the detonation wave s satisfies the condition s ≥ s j , with s j being the CJ velocity previously defined.
Strong detonation solution
A steady detonation wave solution consists of a non-reactive shock wave connected to a continuous reacting flow. The wave structure is characterized by solving two problems. The first is an algebraic problem leading to the post-shock state as the solution of the proper jump RH conditions. The second is an initial value problem associated to the steady reactive Euler equations with initial conditions assigned at the post-shock state. The latter problem describes the continuous reacting flow behind the shock wave.
i) post-shock state
The progress variable z does not change through a non-reactive shock, so that the rate equation results to be conservative and a further RH condition is obtained, namely
The post-shock state is then characterized by the RH jump conditions (17-19) enforced with condition (45). Two solutions are obtained, namely the so-called ambient solution
and the post-shock solution
For a given propagation velocity s of the shock wave, expressions (47) characterize the post-shock state just behind the wave front. In particular, when s 1, the post-shock solution tends to the so-called strong shock limit, characterized by
In this strong shock limit, the flow velocity u = s − w in the laboratory frame reads
ii) Continuos reacting flow
The evolution of the mixture through the shock front raises pressure and temperature to very high values, so that an exothermic chemical reaction initiates at the post-shock state and evolves in the reaction zone attached to the shock wave. The continuous flow within this zone is determined by solving (for ξ > 0) the dimensionless system of differential equations dp dξ
which follows from equations (1-4) re-written in terms of the steady variable ξ defined by expression (15). In the above equations, p, T , w, ∆ , ξ and r are given, respectively, in units of
, where
is a reference time of order of the collision mean free path. In view of the application performed in Section 5, the temperature T has been considered among the main fields, instead of the mixture mass density ρ. Moreover, the dimensionless form of the reaction rate r reads
with f given in units of kT 0 . The initial conditions at ξ = 0 for the system of equations (50-53) are provided by the post-shock expressions (47).
Compatibility detonation conditions
The existence of the detonation solution depends on the compatibility of the non-reactive shock wave with the continuous reactive flow. Therefore, the Lax conditions on the characteristic velocities of the shock wave, namely the conditions s > u + c at the initial state, and u < s < u + c at the post-shock state (see [26] ) are combined with the detonation condition on the characteristic velocities of the reactive Euler equations, namely u < s < u + c at the reaction zone (see [5, 19, 25] ). Therefore, the compatibility conditions which must be verified by the detonation solution are s > u + c for ξ < 0 and u < s < u + c for ξ ≥ 0.
Solution procedure
In order to determine the steady detonation wave solution, the algebraic problem of evaluating the post-shock state, and the initial value problem of characterizing the continuous reacting flow are solved for assigned initial state of the reactive flow. A suitable input parameter space is considered, including γ, ∆ , f , and
which specifies the overdrive degree of the detonation wave. The steady solution is determined applying the solution procedure established on the following steps: 1) CJ velocity. For the considered input parameters γ and ∆ , determine the wave velocity s j and the equilibrium concentration z e at the CJ state by solving equations (26) and (33).
2) Detonation velocity. For the considered overdrive degree f , use the value of s j obtained in the first step to evaluate the detonation velocity s = s j √ f .
3) Post-shock state. For the detonation velocity s determined in the second step, evaluate the post-shock state -say v * , p * , w * -by using (47).
4)
Continuous reacting flow. For the input parameters γ, ∆ and f , characterize the continuous reacting flow in the reaction zone, solving the system of differential equations (50-53), with the reaction rate r specified by (55), and with initial conditions at ξ = 0 specified by the post-shock state evaluated in the third step.
Numerical analysis
The analysis developed in the previous section is here applied to solve numerically the detonation problem. The solution procedure is applied and the compatibility detonation conditions (56) are numerically verified. The solution of the numerical problem provides, first, the Chapman-Jouguet velocity s j , then, for each s ≥ s j , the corresponding post-shock state, and, finally, the continuous reacting flow in the reaction zone. The computation of s j depends on γ and ∆ , only. The evaluation of the post-shock state depends on γ, ∆ and f . The configuration of the continuous reacting flow depends, in turn, on γ, ∆ , f and f . In particular, the equilibrium final state can be obtained independently of the continuous reacting flow, requiring the parameters γ, ∆ and f , only.
The numerical computations performed in this section are addressed to provide the structure of the detonation solution in the (v, p)-plane, and to study the influence of the overdrive degree f and forward activation energy f on the wave profiles of the steady solution.
Input data
The input data for the numerical application are the dimensionless pre-shock state of the reactive flow
and the parameters γ = 5 3 and ∆ = 1.0,
which are held fixed.
Chapman-Jouguet state
For the material properties of the reactive mixture specified by equation (59), the ChapmanJouguet velocity s j , the corresponding equilibrium concentration z e and the state variables at the CJ state are In particular, Table 1 shows the states on the strong branch of the equilibrium Hugoniot curve. The equilibrium final state on the lowest point of the curve is determined by expressions (43), resulting (v r , p r ) = (1, 1.44433) and z r = 0.666492.
For each value of s ≥ s j , the complete strong detonation solution is represented in the diagram by the segment N S determined by the intersections of the corresponding Rayleigh line with the unreacted and equilibrium Hugoniot curves, respectively. 
Profiles of the steady solution
The parameters f and f have a significant role in the detonation structure and their influence on the steady solution is treated separately in two different study cases.
In each case, the privileged parameter varies in a suitable range and all the other parameters are held fixed. Some representative detonation profiles are drawn in Figs. 2 and 3 , where the steady variable ξ is given in a logarithmic scale and the state variables p, T and w are given in units of post-shock values p * , T * and w * , respectively. The profiles show the behaviour of the state variables from the post-shock state attached to the shock front, ξ = 0 until the same distance from the shock, ξ = 100. The equilibrium of the state variables is reached when all profiles become flat.
Case 1 -Influence of f on the steady solution Wave structure for varying overdrive degree f . In this case, the properties of the mixture are specified by the data (59) and by
The privileged parameter takes the values
For these values of f , the detonation velocity and the post-shock state -starred quantities -are shown in Table 2 . The wave structure for the Eulerian reacting gas mixture is represented in Fig. 2 in terms of the pressure, temperature, waveframe velocity and progress variable profiles for f = 1 (solid lines), f = 1.5 (dashed lines) and f = 3.0 (dot-dashed lines). For each value of f , all profiles match their equilibrium values for the same distance ξ from the shock.
With an accuracy of order 10 −4 , the equilibrium is reached when ξ = 40 for f = 1, ξ = 6 for f = 1.5 and ξ = 2 for f = 3.0. The pressure profiles show a typical reacting flow in the reaction zone characterized by a rarefaction until the pressure becomes constant and the equilibrium is reached. Moreover, the pressure variation in the reaction zone is more pronounced for smaller values of f . This behaviour is in agreement with the Hugoniot diagram of Fig. 1 where one can recognize that increasing values of f lead to higher post-shock states N with greater pressure. Consequently, since p is expressed in units of the pressure p * at the state N , the pressure profiles in Fig. 2 show a smaller variation across the reaction zone for greater values of f .
The temperature profiles indicate that the temperature sensitivity of the reaction rate is weaker for stronger overdrive degrees. The profiles of T for f = 1.5 and f = 3.0 show a typical behavior., whereas the profile for f = 1 exhibits a peak before the equilibrium. This Table 2 : Post-shock states for three values of the overdrive degree.
abrupt shape can be justified by the reversibility of the chemical process and the endothermic character of the backward reaction. In fact, when f = 1 and the distance ξ from the shock wave is approximately 1.5, the backward reaction becomes dominant and the temperature strongly decreases. When f = 1.5 and f = 3.0, the profiles of T do not share such aspect since the exothermic forward reaction is prevalent. A further aspect is observed when ξ is approximately 0.7. In detail, until such distance is reached, increasing values of f imply larger temperature variation, and for a greater distance, ξ > 0.7, the profiles for f = 1.5 and f = 3.0 exchange their relative setting and show the expected tendency to the equilibrium. The behaviour of T for ξ < 0.7 can be justified by the fact that an increase of the thermal energy typically occurs when the detonation velocity becomes greater, however these effects are recognizable only in the neighbourhood of the shock wave.
The profiles of the waveframe velocity show an increasing behaviour in the reaction zone until the equilibrium state is reached, which is more pronounced for smaller values of f .
Finally, the profiles of the progress variable z show a common pattern and illustrate that the variation in the product concentration is greater for smaller values of f .
Case 2 -Influence of f on the steady solution.
Wave structure for varying forward activation energy f . The input properties of the mixture are specified by the data (59) and the detonation overdrive degree is fixed as
The detonation velocity and the post-shock state are then given by 
The wave structure is represented in Fig. 3 
Formulation of the linear stability problem
In this section a normal mode approach to the stability problem for the steady detonation wave structure identified in Section 5 is studied in presence of two dimensional disturbances. The detonation stability is classically studied (see, for instance, Refs. [28, 29, 30, 31, 32] ), assuming that a small rear boundary disturbance is instantaneously assigned and induces a distortion on the shock wave location, giving rise to small state variables perturbations which propagate in the reaction zone. Therefore the shock distortion affects the steady state variables so that reaction zone does not admit anymore a steady configuration. The stability problem consists then in studying the evolution of the state variables perturbations, from the post-shock state until the equilibrium final state.
The mathematical formulation of stability problem with two dimensional disturbances starts from the bidimensional reactive Euler equations,
where u 1 and u 2 are the components of the flow velocity in the x and y directions, respectively. The formulation proceeds by transforming to the shock-attached coordinate system
where ψ(y, t) represents the perturbation to the steady shock location due to a small transverse perturbation. Since linear stability requires to seek solutions of the transformed reactive Euler equations which deviate by a small amount from the known steady state solution, a normal mode expansion about the steady state can be assumed in the form q(ξ, y, t) = q * (ξ) + q (ξ)e αt+iky and ψ(ξ, y, t) = ψ (ξ)e αt+iky ,
represent the state vector, the steady-state vector and the perturbation amplitude vector, respectively. Furthermore, Re(α) is the disturbance growth rate, Im(α) the disturbance frequency, k the disturbance wavenumber, and ψ the spatial perturbation amplitude of the shock location.
Stability equations
The reactive Euler equations, referred to the coordinate frame (69), and linearized through expansions (70), can be written in the following dimensionless matrix form in the unknown perturbation amplitudes q ,
ikv * dp * dξ α dp * dξ
In the above expressions, α is given in units of τ
0 , k in units of (sτ 0 ) −1 and ξ in units of sτ 0 , where τ 0 is the reference time defined by expression (54). Moreover, the reaction rate r(v, p, z) has been linearized in the form
where r * v , r * p and r * z denote the partial derivatives of r. The ordinary differential equations (72) constitute the stability equations for the present modeling.
Boundary conditions
The boundary conditions to be joined to the stability equations (72) are derived from the bidimensional shock relations at ξ = 0. The first step is to refer such relations to the unsteady shock described at all times by the curve
whose unit normal n and tangent unit vector t are
The normal shock velocity in the unsteady shock-attached frame (69) is given by
The resulting conditions on the unsteady shock curve read
where the index i indicates x and y components, and the square brackets denote the difference between the quantities inside the brackets evaluated ahead and behind the shock surface.
Linearization of n, t and s with respect to the perturbations leads to the
so that linearization of conditions (77-81) through the normal mode expansions (70) leads to boundary conditions
For fixed growth rate α ∈ C, the dispersion relation (92) can be used to determine the five propagation modes corresponding to the roots η of Eq. (92). Taking into account that the chemical reaction rate of the present detonation modeling is such that r * v ≈ γ (p * /v * )r * p with an accuracy of 10 −3 , the dispersion relation (92) reduces to
Solving the above dispersion relation, the roots are
The roots η 1,2 determine vorticity and entropic waves and the roots η 3,4 define backward and forward acoustic waves. The expressions (95) and (96) recover those obtained in other papers (see, for instance [31, 33] ). The root η 5 is related to the chemical reaction and its expression shows an explicit dependence on the derivatives of the reaction rate. Such root reduces to the one of paper [31] in the particular case in which r * v = r * p = 0 at the end of the reaction zone. These roots define five independent eigenvectors, 
so that any disturbance q can be expressed as linear combination of these eigenvectors,
where c i , i = 1, . . . , 5, are the coefficients of the combination. Such coefficients can be determined solving the equation
where R is the matrix whose columns are the eigenvectors and c the vector of the coefficients. The detonation stability essentially requires that the disturbance induced on the shock location is the unique perturbation source of the instabilities in the reaction zone, see,the correct location of points S and CJ, both belonging to the equilibrium Hugoniot curve. The wave structure problem is solved in two study cases proposed in Section 5. The numerical results appear to be consistent with the predictions advanced from the numerical studies and experimental works known in literature. Besides the already quoted papers, see for example Refs. [4, 35, 36] and Refs. [37, 38] for what concerns numerical studies and experimental results, respectively. Moreover, the response of the steady solution to the simulations widely reflects the resources incorporated in the mathematical model, especially those resources defining the chemical kinetics framework.
A second objective is addressed to the linear stability problem in presence of bidimensional perturbations, on the basis of the underlying steady solution. Adopting a normal mode approach, the mathematical analysis of Section 6 embraces the construction of the stability equations with their boundary conditions at the post-shock state, as well as the radiation condition at the end of the reaction zone. In particular, using an acoustic perturbation analysis, the radiation condition has been constructed in detail, and its final form shows that the chemical reaction gives several contributions to such closure condition, due to the kinetic description of the reaction mechanism.
In addition, an interesting aspect of such accurate picture is that the perturbation modes and the radiation condition in the case of a first-order reaction rate of Arrhenius type can be recovered as a particular case of the analysis developed here for a second-order reaction rate.
The stability analysis presented in this paper supplies the apparatus necessary to develop a computational treatment of the detonation stability. This will be the content of a forthcoming work.
